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Applicability of Hypersonic Small-Disturbance Theory and

Similitude to Internal Hypersonic Conical Flows

SANNU MOLDER* AND NorBERT D’Souzat
M cGall Unaversity, Monireal, Canada

The applicability of hypersonic small-disturbance theory and its attendant hypersonic
similitude to internal hypersonic flows is examined by comparing the exact conical flow

solutions to their small-disturbance counterparts for 1) internal conical flow axisymmetric
inlets with leading edge shock (ICFA) and 2) conical flow, Busemann-type axisymmetric in-
lets. The associated small-disturbance hypersonic similarity law is demonstrated for these
internal flows. The results shown are for ideal gas flows in inlets with sharp leading edge.
The surface pressures for Busemann inlet are compared with the available experimental
data. A convenient method, based on hypersonic similitude, is presented for calculating

Busemann-type inlet shapes.

Nomenclature
C, = pressure coefficient = 2(p — ps)/plx?
D = inlet diameter
f = part of the stream function [See Eq. (6a)]
i = constant which is zero for two-dimensional flow, unity
for axially symmetric flow
K = hypersonic similarity parameter
l = length
M = Mach number
P = pressure
r = radiusin cylindrical or spherical coordinates
R = characteristic inlet radius
ot = time
7 = temperature
wp = velocity components in cylindrical or spherical co-
ordinates
U = streamwise reference velocity
z,r = Cartesian coordinates with z in streamwise direction
Y = transverse distance measured from the streamwise
axis through the leading edge
a = conical variable = tan~1¢
v = ratio of specific heats
8 = body deflection angle
6 = angle measured from z axis
£ = nondimensional longitudinal distance
p = density
o = conical variable = 7 /&
T = body or shock slope
w = entropy function
¥ = stream function
¢ = see Eq. (10)
| = see Eq. (17)
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Subscripts

0 refers to shock or leading edge

([l

2,3 upstream and downstream conditions for shock,
respectively

t, = total and freestream conditions, respectively

Superscripts

(7) = dimensionless form

() = derivative with respect to conical variable o

(") = derivative with respect to «

( )* = value at the singular line

Introduction

'l‘HE hypersonic small-disturbance theory (HSDT) is
based on the assumptions that the slope of the lecal sur-
face of the body in the streamwise direction is everywhere
small compared with unity; the velocity perturbations are
small compared with the freestream velocity, and the pressure
perturbations are small compared with the freestream
dynamic pressure. However, the veloecity perturbations are
not small compared with the freestream sonic speed, and
pressure perfurbations are not small compared with the
freestream static pressure.

The usefulness of HSDT and the resulting hypersonic
similitude arises from the fact that the body or shock slope
parameter, 7, can be combined with the freestream Mach
number, M, and the independent variables, thereby simpli-
fying the basic conservation equations. This can be done for
7 sufficiently small and 3.7 of the order unity. Hyper-
sonic similitude arises directly from the HSDT. It relates
flows past similarly shaped bodies at different M.’s when
K = M.,r is kept constant, thus reducing the number of
independent parameters by one.

Solution of the HSDT equations and the existence of the
similarity law have been amply demenstrated for flow over
wedges, cones and ogives.!?  Since the assumptions involved
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Fig. 1 TInternal conical flow, axisymmetric (ICFA) and
Busemann-type internal conical flows.

make use of large W, and small 7, it is of interest to deter-
mine the lower limit on M. and upper limit on 7 for which
the similarity law Is still applicable. This has been done for
external flow over bodies,®? but no such comparisons exist
for internal flows., It is the purpose of this paper to find the
region of applicability of the HSD'T and to show the existence
of hypersonic similitude for internal hypersonic flows. Since
the loss of applicability (when proceeding towards low M ., and
high 7) is gradual, a 5% discrepancy between the HSDT and
the exact value of surface pressure coefficient has been used?
as a criterion for applicability. In the comparisons of Ref.
3, the pressure on a cone or wedge surface is constant, so there
is no difficulty in determining what to compare, whereas for
internal flows, pressure varies along the surface, so that one
must select distinet corresponding surface points and com-
pare pressures ab these points.

To verify the applicability of HSDT to internal flows we
need to compare the solution obtained from the small-distur-
bance equations either to the solution obtained by a more
exact method, or to experimental results. To facilitate
comparison, we have considered conical flows, since the
equations of motion and their small-disturbance versions re-
duce to the Taylor-Maccoll equation [Eq. (1), Ref. 4] and its
small-disturbance version [Eq. (25), Ref. 1]. Solutions of
each of these equations are then generated for two types of
internal flows: 1) a uniform parallel stream which passes
through a downstream-pointing conical shock and then
converges towards the axis (ICFA; see Fig. 1a); and, 2) a
uniform parallel stream which is compressed isentropically,
then passes through a conical shock in such a way that the flow
downstream of the shock is again uniform and parallel
(Busemann inlet; Fig. 1b). These flows are discussed ex-
tensively in Ref. 4. Streamlines of the sccond flow can be
used to construct a variety of hypersonic air inlets.>% Some
experimental results are available for this casc as well. The
restriction of conical and axial symmetry has no fundamental
bearing on the HSDT assumptions, and thus there are no
reasons to believe that deductions made under these re-
strictions should not have more general validity.

To demonstrate hypersonic similitude, we need to show
that for a series of bodies, characterized by a body or shock
slope parameter, 7, where 3/ 7 is constant, the flow geometry
and pressure distribution are the same for every member of
the series provided the geometry and pressure are plotted
against a distance that has been scaled with respect to 7.
We cannot use the HSDT to calculate the solution (e.g., the
pressure distribution), because hypersonic similitude is an
inherent part of HSDT, and we would be surprised indeed if
use of HSDT did not yield perfeet similitude. So, we must
use the “exact” Taylor-Maccoll equation for ICFA and
Busemann inlet flows in calculating the flow geometries
(streamline shapes) and pressure distributions.

Small-Disturbance Equations for
Two-Dimensional and Axisymmetric Flows

The basic equations of motion expressing the conserva-
tion of mass, momentum and energy for two-dimensional or

axisymmetric steady flows with independent coordinates
(z,r) may be written as

o(pu)/0x + O(pv)/Or + jov/r = 0 (1a)
uu/Ox + vdu/or + (1/p)0p/dz = O (1b}
udv/0x + vdv/Or + (1/p)Op/dr = 0 (1ec)
u(0/0x)(p/p") + v(0/0r)(p/p”) = 0 (1d)

By normalizing with respect to 7, we introduce new inde-
pendent variables which are of the order unity throughout
the flowfield.! The new variables are

T=uw; F=r/m; 0= (/) = 1)/
(2)
7=v/U.t; p=p/pyM2 B = p/po
Introducing these new barred variables in Eqgs. (1) and
neglecting the terms containing 72 explicitly we obtain the
first-order hypersonic small-disturbance equations:

0p/0x + o(pp)/oF + jpi/F = 0 (3a)
ov/0% + 0U/0F + (1/p)0p/OF = 0 (3b)
(0/0%)(p/p") + 8(0/0F)(p/B") = O (3¢)

A stream function ¥(Z,7) is introduced so that the contin-
uity equation (3a) is identically satisfied. ¢ is defined such
that

OY/0T = —piFi; OY/OF = pri (4)

The small-disturbance equations in terms of the stream func-
tion become?®

(EH-2 3 5%+ () -
oF J \ oz2 dF OF JFOF oF o)

[P\ %)  dé [oy\2
)b L ()] o

|
%1 for two-dimensional flow

@Y/OMNYTTIT /oy 10y dafoy\z 3
e G 3 3) (3] @

for axisymmetric flow

\

where o(y¥) = p/p¥ = entropy function.

Hypersonic Small-Disturbance Theory Applied
to Flows with Conical Symmetry
Conical symmetry implies that flow variables do not change
with respect to the radial coordinate. The stream func-
tion then takes the form

V) = 1) (64)
where o is a conical variable defined by
o = F/T = tanf/r (6b)

Introduecing this transformation in Eqgs. (5), and noting
that the entropy field is uniform before the shock and again
after the shock, the small-disturbance equation for axi-
symmetric conical flow reduces to

= R0 = Y[ o) ) I = va (e ()

where @, = (p/p¥); = entropy function at the shock; f' =
df/do, and " = d¥/do? This is the small-disturbance ver-
sion of the Taylor-Maceoll equation. It is not a very popular
equation because, just as the Taylor-Maccoll equation, it re-
quires a numerical solution, and, furthermore, it lacks the
exactness of the latter. In our case, we find it useful, how-
ever, to compare solutions of Eq. (7) against the more exact
Taylor-Maccoll equation with the aim of drawing parallel
conclusions about the accuracy of the more general Egs. (5).
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Conical Axisymmetric Flow Behind an Inverted Shock

The exact Taylor-Maceoll equation for axisymmetric coni-
calflow is [Eq. (1), Ref. 4]

wu +u”) = (v — D —w? —u'*) X
W’ + u'» cotf + 2u.)/2  (8a)
where w, is the velocity in the radial direction and
ug = u'y = du,/df (8h)

is the velocity in the 8 divection with 6 measured from the
freestream dirvection. Both velocities arc nondimensionalized
with respect to the maximum speed obtainable by expanding
to zero absolute temperature. The solution obtained by
this equation for ICFA is discussed in Ref. 4. It is inter-
esting to note that the numerical solution, in passing down-
stream from the shock wave, reaches an impasse in the form
of u singularity. The physical occurrence and implication
of this singularity are not yet clearly understood. However,
for our purposes here, we have found that the same singularity
also occurs in the small-disturbance version of the Taylor-
Macceoll equation [Eq. (7)], so that it is reasonable to com-
pare the two solutions at the singularity, especially when
it is realised that this is the point of highest contraction, and
this is, after all, the aspect we are interested in, insofar as
it influences the small-disturbance theory.

Referring to Fig. 1a, we define the parameter 7 in terms
of the slope of the shock wave, 7, = ‘tan@s{, where 8, 1s the
shock angle. We define a similarity parameter, K, = M1,.
The boundary conditions at the shock surface are obtained
from the oblique shock relations and may be simplified to!
3L = (v + DE&/ {2 + (v — DKo,

gs = _I;.[S =

5 [%ﬂ‘fs? — (v — 1)}?&_ 91{5]’ (
L v+ vk CERNE ©

Since we have defined the independent variable, o = (tané)/
7., we note that when 8 = 7/2, ¢ becomes = o, and there
will be a difficulty in choosing a step size for the numerical
solution in this region. Therefore, we introduce a new inde-
pendent variable, « == tan~'o, which decreases smoothly
from 37 at the shock surface to zero at the axis. Equation
(7) becomes

and

I= 2 tana + {22 — vol7)/Ef* — yo. tan'a {77)]
(10)

where f = dj/de, f = d¥f/de?, and { = f/(tana)(l + tan’a).
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Fig. 2 Variation of pressure coefficient at singular line
with K, for ICFA.
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Fig. 3 Streamline shape of ICFA, calculated from the
hypersonic small-disturbance theory (HSD'T') and the exact
Taylor-Maccoll equation.

The boundary conditions at the shock surface become

o, = 3n/4, fi = 3; o= =20y + DK/ 2+ (v — DHE?]
(11)

Equation (10) with the boundary conditions given by kq.
(11) is solved on a digital computer. Once the solution
f, f, and f is obtained with respect to the independent vari~
able e, the following additional quantities can be found

o = tana, f' = j/(1 + o,/ = (] = 20f)/(1 + o%*
p=J)o,p=ap,0=0—2f (12)
@=1/(y — DK& — [v/(v = DIp/p — 7%/2

The results obtained are compared with the exact solution
obtained from the Taylor-Maccoll equation {Eq. (8a)]. For
the purpose of comparison, the surface pressure cocfficients
at the singular lines* for various M’s are obtained for differ-
ent values of K, (Fig. 2).

The stream-line shapes obtained by the HSDT and the
Taylor-Maccoll equation are compared in Fig. 3. The range
of HSDT applicability to the ICFA inlet, wherein the sur-
face pressure coefficients at the singular line deviate 59
from the limiting value, is shown in Fig. 4. This boundary
in fact, gives the lower limit on M., and upper limit on 7, for
which the results obtained from the small-disturbance equa-
tions are within 59, of the exact solution.
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Fig. 4 Range of applicability of HSDT for ICFA.
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Fig. 5 Surface pressure distributions obtained from
HSDT, the exact Taylor-Maccoll equation, and from
experiments for Busemann inlet.

Axisymmetric Busemann Inlet

For the Busemann iulet, the downstream flow conditions
behind the shock, M3 and 6y (Fig. 1b), are taken as reference
conditions. The small-disturbance parameters are defined
as

To = t‘aLHG(), Ko = J’[:STO, g = t‘dne/TO (13)
and the small-disturbance variables [Egs. (2)], normalized
in terms of the reference conditions become

T=ux; F=r/ry 4= [WUs)—1]/7?
(14)
v =0v/Usro; P = p/psyMs*10%; B = p/ps

Since it is convenient to obtain the flow conditions across
the shock by specifying M, immediately upstream of the shock
and 8, (Fig. 1b), we define the similarity parameter K, as:

K, = M, sinf, (15a)

= 0g/y) tan o,

Fig. 6 Surface pressure ratio vs the length parameter for
various values’of the hypersonic similarity parameter, K,,
for ICFA.

5. MOLDER AND N. IYSOUZA

J. SPACECRAFT

Fig. 7 Affinely related inlet shapes for ICKFA (sec Fig. 1a).

Then, .
Ko = {[(y — DK.2 + 2]/[2vK.* — (y — D]}Y2  (15b)

The small-disturbance Eq. (10) is integrated in the up-
stream direction starting from the shock surface. The
houndary conditions at the shock are as follows: ¢y = 1,
ag = /4, fo = po(l — 8)/2, and fo = 2p,, where 5, and po are
calculated from the oblique shock relations.

In integrating Eq. (10), when o = 7/2, tana becomes in-
finite and in this region the following simplified equation
applies:

f2—=2ff" =0 (16)

Equation (16) is substituted instead of Eq. (10) in the region
where a — 7/2, to carry out the numerical integration. The
flow variables §, p, 7, and % are obtained from Eqgs. (12).

The streamline shape and the surface pressure distribution,
as obtained from the solution of Eq. (10), are compared with
the exact solution obtained from the Taylor-Maccoll equation
in Fig. 5. For this particular case, /.. = 8.33, 8, = 12.05°,
the flow turning angle is 3.132°, and W3 = 5.39. This inlet
has a theoretical total pressure recovery of 0.99 and an area
ratio of 6.7. Agreement between the HSDT and exact
solutions is good. The experimental pressure distribution,
obtained for this inlet with correction for the effects of the
laminar boundary-layer displacement thickness,” based on
an adaptation of Tani’s method to compressible flow, is
shown in Fig. 5. There is good agreement between the
saleulated and measured surface pressure values.

Applicability of Similarity lL.aw to Hypersonic
Internal Flows

The application of HSDT to internal flows leads to the
conclusion that the similarity law,?® which connects flows at
different Mach numbers past related shapes, should apply
to hypersonic internal flows. Let us first use the results ob-
tained from the solution of Taylor-Maccoll equation to
demonstrate the applicability of similarity law to ICFA.

Fig. 8 Variation of pressure ratio along the Busemann
inlet (see Fig. 1b) for a constant value of similarity param-
eter at different Mach numbers,
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Fig. 9 Busemann inlet streamline shapes and surface
pressure distributions for various M.’s for a given simi-
larity parameter, K.

The hypersonic similarity parameter is defined in terms of
the body slope at the leading edge, Ko = M., tand. The
static pressure ratio is plotted against the longitudinal non-
dimensional distance £ = (2o/yo) tandy in Fig. 6. The hyper-
sonic similitude is applicable to these inlets for K, < 2.0.
The affinely related inlet shapes for Ko = 1.5 are shown in
Fig. 7.

Now let us use the results obtained from the solution of
the exact Taylor-Maccoll equation to demonstrate the
applicability of the similarity law to Busemann inlet. The
surface pressure distribution is plotted at related distances
expressed in terms of a non-dimensional parameter £ =
z/F = 7o/tanf. Figure 8 gives the pressure distribution
along the surface of the Busemann inlet for a constant value
of K, = M, sinf, = 1.21087, with M, and 6§, taking on various
values. The HSDT result is shown as a solid line; it corre-
sponds very well to the more accurate exact caleulations.
The percentage error increases towards the entrance of the
inlet.

Figure 8 demonstrates that the hypersonic similarity law
is applicable to Busemann inlets. The affinely related
shapes and the corresponding pressure distributions for the
same value of K, are shown in Fig. 9. This figure shows, in
effeet, the shape changes required to maintain a constant
efficiency and constant area-ratio inlet which produces a
uniform and parallel exit stream.

Figure 10 gives surface pressure ratio vs £ for a series of
K, values. The range of applicability of hypersonic simi-
larity law to Busemann inlet is shown in Figs. 11 and 12.

|

Fig. 10 Variations of pressure ratio along Busemann inlet
for different values of K.
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Fig. 11 Range of applicability of similarity law for
Busemann inlet.
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Fig. 12 Range of applicability of similarity law for
Busemann inlet.

Our criterion for hypersonic similarity here is that the exact
value of the surface pressure ratio at £ = 0 should not differ
by more than 5% from its limiting value. Figure 11 shows
that the HSDT and the associated hypersonic similitude will
hold for M3 > 3.5. It is convenient to start calculations
for Busemann-type inlets by specifying 8, and M, because
the usual freestream starting point at the leading edge has
a smooth singularity in the Taylor-Maccoll equations. Fig-
ure 12 shows that HSDT holds to 5% as long as 1/sinf, >
2.85, (or ; < 20°), for all values of M.

The surface contours of Busemann inlets caleulated by the
HSDT are unique for each value of K, (Fig. 13). Suppose
we are given 3, and a desired total pressure recovery, P, /P,
= 0.93. To find the shape of a Busemann inlet rapidly, one
would proceed as follows.  From Fig. 14, we find that P,,/P,,
= 0.93 corresponds to K, = 1.50, which corresponds to
D./D; = 6.7. Knowmg M. and K, from Fig. 15, we get
M, We caleulate Ky from Eq. (15b) then, 6, = sin™1(K,/
M3). M, is obtained from Fig. 15, then 6, = sin™'(K/Ms).

Fig.13 Streamiine shapes for Busemann inlet at different
values of similarity parameter, K.,.
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Fig. 14 Variation of design parameters with K for Buse-
mann inlet.

We calculate
Ps/pe = (To/T)V/ O~V 2yK2 — (v = DI/ (v + 1)
Ty/T., = (Lo/Ty)[2vK2 — (v — D] X (17)
[(v = DE2+ 21/[(y + 1)°K.*]

where ;= 14+ (v — 1)M:2/2,1 = « or 2. With the known
value of 7o the inlet shape is obtained from Fig. 13.

Conclusions

1) The hypersonic small-disturbance theory (HSDT) has
been applied to internal axisymmetric counical flows, and it
has been demonstrated that a 5% accuracy in surface pres-
sure can be obtained for ICFA as long as the similarity
parameter K, = M7, exceeds 1.0 and 1/7, exceeds 4.5; and
for Busemann inlet flow as long as the diffused Mach nunber
My exceeds 3.5 or 1/7, exceeds 2.85. The HSDT solution
represents the limiting solution of the exact equations and
may be used to obtain the flow parameters with reasonable
accuracy in any hypersonic internal flow, as long as the
assumptions of HSDT are not violated.

2) Hypersonic similitude is demonstrated for both ICFA
and Busemann-type internal flows; the surface pressure
curves and streamline shapes are similar when plotted
against the nondimensional longitudinal distance & for in-
ternal flows with same values of similarity parameter. This
will be useful in correlating existing data and in the deter-
mination of flow properties in a family of internal flows,
(c.g., inlets with sharp leading edges), where this law is ex-
pected to apply.

N. D’'SOUZA J. SPACECRAFT
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Fig. 15 Variation of diffused Mach number with free-
stream Mach number for Busemann inlet.

3) A convenient method, which uses hypersonie similitude,
is presented for caleculating Busemann-type inlet shapes.
Required geometry variation is presented for an inlet which
is to maintain constant. values of area ratio and total pressure
recovery. Similar method may be used for other types of
hypersonic internal flows where hypersonic similitude is
applicable.
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